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STATISTICAL METHODS IN THE COSMETIC 

INDUSTRY' AN INTRODUCTION 

By A. W. MIDDLETON, B.Sc., Ph.D., F.R.I.C.*' 

Tins ARTICLE is an attemp• to give cosmetic workers an outline of a very 
few of the possible applications of statistical methods to their work. Space 
does not allow of any very fundamental approach to the subject, but it 
hoped that readers will be able to apply the technique of the examples given 
to similar problems of their own and that they will be encouraged to make! • 

: 

use of the bibliography for further study. 
* * 

Statistical methods have very wide application .and are the 
by which the maximum amount of information can be obtained from a given?::i 
set of experimental results consistent with any desired degree of probability. i] 
The general principle of statistical analysis for.the judgment of the signifi2i!;!? 
cance of any difference between two or more sets of observations is 
adoption of the "Null Hypoth½sis"--that there is no difference between the?• 
sets of observations--and the subsequent calculation of the probability thaC• 
in any particular case the variations found between the sets 
observations could have been obtained by chance. If this chance':)i'i• 
is small, the conclusion is dra/wn that the sets of observations 
differ and that the different. treatments given the sets have a significah•'•):i 
effect. It can be considered that a significant difference between sets 
observations exists when it is probable that only once in twenty times woulCi•{ 
the particular data have been obtained by chance (p= 0.05). Oth•"•}•! 
commonly used "levels of significance" are probabilities that the 
would be obtained by chance once in a hundred times (p -- 0.01) and 
in a thousand times (p = 0.001), the level being chosen by the ex[ 
to meet the particular degree of accuracy that he requires. For 
cosmetic work the writer has found p -- 0.05 satisfactory. •,• 

For easy reference, the symbols used and the tabular data required 
the proper understanding of the techniques to be described are collecte 

ß together and shown on the opposite page. 

* Chesebrough Manufacturing Co. Ltd., London. 
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(Sigma Squared) 

.(Sigma) 

S.S. 

?,::X •- (Chi Squared) 

':;?•?{) O (rho) 
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STATISTICAL METHODS IN THE COSMETIC INDUSTRY 

SYMBOLS USED 

Any individual result or series of results. 
Probability that an event will occur. 

Probability that an event will not occur (q = p -- 1). 
Variance (,'= sum of squares of deviations from the 

mean/degrees of freedom). 
Degrees of freedom. 
The sum of a series of results. Thus 27x is the sum of 

all the results x• + x• q- x• q- .... 
The number of results in a series. 

The mean of a series of results x•,•,• ..... 

The mean of a series of results y •,•_, 3, ß ß ß ß 
Estimated standard deviation (square root of the 

variance). 
Estimated standard deviation of the mean of a series, 
often called "Standard Error" (a,, = a/x/n). 
Deviation. Difference between a result x and the 

mean of the series •. 

Student's t. The deviation divided by its estimated 
standard error (t = dx/n/rr). 

Sum of Squares 
Correction Term. 

Mean Square. 

The ratio between two variances, the larger estimate 
of variance being the numerator. 

Factorial (thus 4! is factorial 4 = 4 X 3 x 2 x 1). 
The sum of squares of a number of variables which 

vary normally and independently about zero with 
unit variance. 

Frequency expected. 
Frequency observed. 
Correlation coefficient. 

Spearman's ranking coefficient. 
Coefficient of Concordance. 

Average frequency. 
Base of natural logarithms (e = 2.71828). 
Greater than , smaller than (A is greater than B: A > B). 
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Values of t required by the Examples Given 

Degrees of Probability 
Freedom 0.8 0-7 0-1 0.05 0.01 

I 

3 0-277 0.424 2.353 3.182 5-841 
5 0-267 0.408 2.015 2.571 4-032 

I0 0.260 0.397 1.812 2.228 3.169 
11 1-796 2.201 3.106 
15 1-753 2.131 ' ' 

Values of F required l•y the Examples Given 
N• is degrees of freedom of larger variance. 
Ns is degrees of freedom of smaller variance. 

p = 0.20 • = 0.001 

'•'-'-• N• 4 5 2 

10 1.8 . 1.8 14.9 
15 1-7 1-7 11.3 
18 1-67 1.64 10.4 
19 1.66 1-63 10.2 

Values of X 3 required by the Examples Given 

Degrees of Probability 
Freedom 0.2 0.1 0.02 0.01 

1 1.642 i 2-706 5.412 6:635 

2 3.219 I 4-665 7.824 9.210 4 5.989 7.779 I 1.668 13.277 

Value of r required by .Example Given 

Degrees of Probability 
Freedom 0-01 0-001 

2 0.990 I .- 0-999 

VARIANCE 

There are several ways in which the .variability of a set of results ca'• 
be expressed, of which the more useful are the range and the vananc 
The ran e of a series of results is the difference between the highest and th•'• 

lowest restfit of the series. ' The variance is the sum of the squares of the de•ation of each individ½•'"•)•( 
result from the arithmetical mean of the series divided by the numbe 
results in the series when there are 30 or more results, divided by one le•'•:}• 
than the number of results when the series consists of less than 30 resul•2:• 
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variance is universally denoted by ,' (sigma squ•red). 
The divisor of the squares of the deviations is called the "degrees of 

' associated with the variance and can be regarded as the number 
deviations from the mean that can be selected at random. Since the 
of the deviations from the mean of n results must be zero, only n -- 1 

the results can be selected at random, the series having then n -- 1 degrees 
freedom. Symbolically, 

z (x - 

The standard deviation is the square root of the variance and is thus 
by .. 

':'•d?•i-::::i The uses of the standard deviation and of the variance will become 
?/evident from a study of the examples of the application of statistical methods . 
•,½:: which follow. ' 

CALCULATION OF Wm*NC 
';•;(ii"iii I:: Consider a series of results obtained for the weight of the contents of 
i•:i•:?bottles being filled on an automatic filling line. These were 37.6, 38-2, 
iii;!35.8, 36.2, 36-4, 37-3 37-4, 36-9, 35-8, 36.7, 36-7, 36.3 grams. It is required 
ii•i':to know ihe mean l•ottle content of the whole of the population (i.e., the 
•}111Whole of the bottles filled under the conditions of sampling), from which the :.: 

ß ;:i: samples weighed were selected at random during the filling, and further, 
?the limits of the mean such that the probability is 19 times out of 20 times 
:•il that the true mean of the population will be within these limits. 

By definition the variance of the sample 

n--1 

The calculations are best tabulated, giving' 

• • - • (• - •)' 
37-6 I 0.825 0.680625 
38-2 1.425 '2-030625 
35.8 -- 0-975 0-950625 
36-2 • 0-575 0.330625 
36.4 . -- 0.375 0-140625 
37-3 0.525 0-275625 
37.4 0.625 0.390625 
36.9 0.125 0-015625 
35.8 -- 0-975 0.950625 
36-7 -- 0-075 0-005625 
36.7 -- 0-075 0.005625 
36.3 -- 0-475 0.225625 

441.3 0.000 [ 6-0œ2500 
Sum (œ) = 

No. of l•esults (n) = 12. 
Mean (x) = 36.775. 
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or'-- Z(x -- •)' = .6'0025 6'0025 __ 0-54568 -- 

n --1 12 -- 1 11 

Note that x -- • is checked by addition, when it should total zero. 
ß It is seen that the arithmetic is laborious even with the aid of a table of 

squares. However, this work can be reduced considerably by "coding" the 
results by deducting a convenient value and multiplying to remove the 
decimal point. The mean of the code'd values is calculated and transformed 
into the original units by reversing the coding process to give the true mean. 
The variance is calculated by making use of the algebraically equivalent 
formula for it, i.e., 

(,' _ z(x)' - ( zx)'l, 
The calculations are then' 

Coded results, i.e. 
x (x -- 35-0) 10 

Called ¾ 

37.6 26 676 
38-2 32 1,024 
35 '8 8 64 
36.2 ' 12 144 
36.4 ' 14 196 
37.3 23 529 
37.4 24 576 
36-9 19 361 
35.8 8 64 
36.7 17 289 
36.7 17 289 
36.3 13 169 

441.3 213 4,38.1 

coded • 
ß 

4,381 -- 213' 
12 

11 
, 

4,381 -- 45,369 
12 

11 

4,381 -- 3780.75 
11 

600.25 
-- -- 54.568 

11 

., 
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the coding involves a multiplication factor (in this case 10), the 
ce must be divided by the square of that factor to give the variance 
original data, thus' 

54'568 
• --• -- 0.54568 

100 
ß 

v•ith the value found directly. The mean of the coded results 

213 
-- 17-75 

12 

itch must be divided by the multiplier (10.) and 35'0 added to the result 
the mean of the original data, i.e., 

17.75 
-- q-35.0---- 36.775 

10 

Standard Deviation is the SCluar e root of the variance, in the above 
being 

•/0.54568 = 0'7386, or 0.74 

useful purposes. This relates to any individual result. The standard 
of fhe mean of the series of results is given by the formula 

0-74 

Thus our a,• ¾'12 0-21 
•:71:. If the distribution of the results is such that there are a i•aximum number 
•iii!about the mean, tailing off on either side of it,' then in practice the distribution 
!}!i}an be assumed to be normal (or Gaussian), for which tables have been con- 
!?'Structed showing how often a variation (d) from the mean expressed in terms 
iii(•øf the standard deviation of the mean can be expected to occur as a matter 
(•?of chance. This relation d/, is termed Student's t, and tables of this value 
?are quoted in most standard works on statistics. 
!ii.ii!11i.:: In this example, it is desired to know the limits of the true mean of the 
?i population at a probability level p := 0,05. 
:!!:.: Reference to a table of Student's t (see above) shows that for the example 
::':With 11 degrees of freedom, at p -- 0-05, t is 2.20. 
i?., d d 
!11!:: Now, by definition, t - , thus 2.20 -- 
?:?• er,• 0'21 
:½:'/' d 2'20 X 0'21 = 0'462, which is the deviation either side of the mean 

;'• with}n which the probability is 19 that the true mean of the population lies. -- 

2O 
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Our mean is 36-775 and the limits are therefore 36.775 q- 0'462' thus 

the true mean at p ---- 0.05 lies between 36.313 and 37.237 grams. ' 
Similarly the limits of p = 0.001 are between 35.843 and 37.707 grams. 

These limits of the population mean are called the "fiducial limits" at what- 
-ever probability they are calculated ß hence, the fiducial limits at p = 0-05 
are 86.313/37-237 grams, and once in 20 times a sample of 12 drawn at 
random will give a mean which will not lie within these fiducial limits. 

US.E OF "t"--COMPARISON' OF RESULTS 

(a) Results which can be converted to a single series of differences. 
Two series of results can be compared with each other very easily by 

using the t function. For example, suppose there to be six samples of 
an essential oil, each of whose alcohol content has been determined by two 
different methods. It has to be decided whether there is sufficient evidence 

to establish that a true difference exists between the two methods at p -- 0.05 
level. .:: 

mean of a series of observations 
By definition, t •- ß 

standard deviation of the mean (Standard Error)il •' 
thus its calculation amounts to the calculation of the mean difference? 

,. 

between the samples due to the method of analysis and of its stan•Iar d 
deviation. The analytical results and the details of the calculation follow• :" 

Sample Method 1 Method 2 Difference, x, 

No. __øz Alcohol • Alcohol (Col. 2--Col. 3) x • /o 
_ 

I 26 15 ll 121 
2 8 10 -- 2 4 
3 14 6 8 64 
4 24 31 -- 7 49 
5 8 19 -- 11 121 
6 17 22 -- 5 25 

Sum -- 6 384 

N=6 

--6 
The mean difference- -- -- 1 

6 

a'= Z'(x') -- ( Zx)*/N _ 384 -- (--6)'/6 -- 

N--1 5 

and the standard deviation of the mean, a m -- 

384 -- 6 378 
..... 75.6 

5 5 :.• 

-- %/12.3 -- 

Making the. hypothesis a "null hypothesis" that there is no 
between the two methods, there has to be found the probability 
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.:was so the series of results obta/ned were obtained by chance. (If the 
would not be likely to be due to chance--say, p -- 0.05 or lower-- 

there must be a difference due to the method.) 
ß .. 

t-- d __ --1 __ 0.29. ' 
ß - rr,• 3.51 

the sign of t and referring to the table of its values with 5 d.f. 
that at p -- 0.8, t ---- 0.27. Thus, the probability that if the methods 

equal this difference would occur by chance is p -- 0.8, or four in five, 
it is very probable that there is no real difference between the methods. 

same samples were analysed by a third method to give tt•e results ß 

Sample i Method 1 Method 3 Difference 1'4o. % alcohol % alcohol (1 -- 2) x 2 

1 26 52 -26 676 
2 8. 24 - 16 256 
3 14 35 - 21 441 
4 24 43 - 19 361 
5 8 34 --26 676 
6 17 ' 48 -- 31 961 

Sum --- 139 3,371 

Mean difference, -- 
-- 139 

-- -- 23'2. 

•2_ 3,371 -- (139)2/6 _ 30.2. 
5 

ff3-5- cr,,-• W • --2.24. 
?:i. 23-2 

-- -- 10-4 for which p is very much smaller than 0-001 "i•. :"• l(.• d/.) 2-24 
:(written p< <0-001) and it is certain that these two methods give different 
i•.::i'results It is possible to estimate the fiducial limits of this difference, e.g., 

•iat p = 0.05, t(5 d.l.)---- 2'57, and the limits are -- 23'2+ 2.57 x 2.24 = 
ii?.23'2 • 5-75 = 17.45 to 28.95. It can be expected that Method 3 Mll give 
;•?'results between 17.45 and 28.95 per cent higher tkan Method 1 (or Method 2, 

-Since this has previously been found equal fo Method 1) 

•))/)/•:•;( It will be seen later that there •e shorter ways of comparing three or 
•:';:, more series of results (see Analysis of Variance (a)) , 

(;:• • (•) .Results which must be treated as two series. ' 
•:/:.:-, In the determination .of alcohol lust considered, analyses were carried 
•:•:• out on the same sample of oil by two methods, and the difference between 

¾:' 239 
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the results is a measure of the difference due to the variation between 
methods. However, if the results had been obtained on 12 different samples, 
six being analysed by Method 1 and six by Method 2, this difference method 
could not have been used due to the introduction of the variation between 

the samples. The results are then analysed using the formula: 
Let x•, x, ....... be results by Method 1, of which the•e are N results. 

y•, y• ...... be results by Method 2, of which there are n results. 

Then •2 [Z•(x •) + 'Z'(y') ('rx)• (2__y)•] == .N n 

N q-n--2 
. 

andt_•--} ./ Nn ' 
The calculation details are: 

Method 1 

26 676 

8 I 64 
14 196 
24 576 

8 - 64 

1• 289 

Method 2 

Y 

15 
10 

6 
31 
19 
22 

225 
100 

36 
ß 961 

361 
484 

97 1,865 103 2,167 

•:_ 97_ 16.2 
6 

•_ 103_ 17-2 
6 

(,rx) 2 97 • 9,409 
-- -- -- 1,668 

N 6 6 

(xy) _ lO,60___0_ 1,768 
N 6 6 

1,865 q- 2,167 .-- 1,668 -:- 1,768 . 596 
---- -- 59.6 

6 +6 --2 10 
o = 7'72 

16.2 - 17.2 _ 0.2a t(tø •'/) -- 7.72 •-• = 7-72 
In this example there are twelve results in two sets of six ' thus therd aV 

6 q- 6 -- 2 results which can be chosen at random, i.e. 10 degrees of 
A too •.•) of 0-23 corresponds to a probability greater than 0-8 and 
no difference between the two methods. -. 
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ANALYSIS OF VARIANCE 

ß _ . i .The t test is a rapid method of determining the relation between factors by using the appropriate procedure described above. However, three or more factors have to be compared it is laborious to analyse respective relations in pairs, and the work can be considerably reduced '•he}-r-:-• "Analysis of Variance" techmque: ....... • •-'o•veral factors 
•;•i:as' the valuaate propert• This anows the total variance to be factor contributing to me t• ß 

so as to give the variance due to each factor. discussing the t test, sections (a, b), an example was given in which 
Mcohol in six samples of an essential oil was determined by three methods, and the effect of the method evMuated. It will be useful 

use this example again to illustrate the cMculation of the simplest case of of variance. For the purposes of this example, it six determinations were made by each of three methods on one bulk 
'a½:•of od.. 

o, Alcohol Content /o 

Determination Method 3 No. Method 1 Method 
• Y 

1 26 15 52 2 8 10 24 3 14 6 35 4 24 31 43 5 8 19 34 6 17 22 48 
-• 103 236 • 97 

•:• :: No. •esults eac• method 
•: Total •o. of results Grand Total = 436 • •x, y, z. 

are dealt with by the following procedure' 
•:•':•(:•':/' (1) Square the total of aU individuals and di•de by the total number 

(•x,v.,z)' (436)' 10,561 (This is the Correction Term }?:of:individuals = - N 18 

?•'(C.T.) which is subtracted from each sum of squares.) 
'•:•:.. (2) Square each individual and add = zx,, z = + 8' + ....... + + 48 the number 
?.?: (3) Square the total of each method and divide by 
• individuals in it and add ' 97 • + 103 • + 236 • 75,714 _ 12,619. 

. 

?This leads to the following Analysis of Variance table 
:':' 241 
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Source of 
Variance , 

Between 
Methods 

Within 
Methods 

Total 

Degrees of Freedom 

No.' of Methods -- 1 
-----2 

17 -- 2 = 15 
, 

No. of Individuals 
--1=I7 

Sum of 

Squares 

(3) - C.T. = 
2,058 

3,285 --' 
2,058---- 1,227 

(2) - c.r. = 
3,285 

Mean Square 
col. 3 .'-- col. 2 

1,029 

81.8 

Components of 
Variance 

•2 

The Between Methods Mean Square may or may not be significantly 
different from the Within Methods Mean Square, .and. this is estimated by 
means of the F test in which the Mean Square for Between Methods is dividei 

:, 

by that Within Methods to give the Variance ratio, E. This is 1,029/81'8 -- 
12-6. Reference to tables of F, with N• the degrees of freedom of the larger 
Mean Square (two) and N,. the degrees of freedom of the smaller lVIean Square 
(fifteen), shows that at p = 0'001, F has a value of 11.3. Our value is greater 
than this, showing the probability that the value found would be obtained':71 
as a matter of chance to be less than 0.001 meaning that there is little doubt 
that there is a significaht difference in the variance between methods when 
compared with the var/ance within methods. 

The internal "Within Methods" component of the Variance (= %" 
81.8) is the me•ure of the error of the determinations, whilst the "Between =;:½ .. 

lVIethods" component of variance (na n' q- a•' = 1,029) gives the variance i!;;.. 
due to the method. For the latter we have: 

6=• 2 + 81.8 = 1,029 . 
.'.a• • -- 158. The total variance of the sample is the sum of that due to 
method, a'- -- 158 and that due to error, %• = 82. It is apparent that 
variance due to the method makes a bigger contribution to the total variance/• 
than does that due to the error. If it is desired' to know the true alcohoF• 
content of the oil, more improvement would be given by steps taken ti5 

: * 

reduce the variance between the methods than by reduction oI the error 
inherent in any one method. 

(b)'In the t test, section (a), the alcohol was determined by each of 
"methods, on six samples. To make most use of the data, it can be analys•e ( 
to show the variance due to the Method, to the Sample and to the Errol: 
The results are as shown in table opposite ß • 

ß giving the-calculations' ; " 
436' 

(1) Correction Term -- -- -- 10,561. 
ß 

(2) Squar• each individuk['and add ' 26" q- 82 q- ....... 
(3) Square the total of each Method and divide by No. of results 

:i: 
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•mPle No. Method 1 Method 2 Method 3 2 Mean 

•i!• 2• 15 s2 •3 31.00 ?71:. 2 8 lO 24 42 ,4.00 
i :•/;5•i?;' :, 3 14 6 35 -- 55 18-33 • [•;;(• •: 4 24 31 43 98 32.67 

?. '- ,7 
.i '•5•:•::. ß • 97 103 236 436 
•:• Mean 16.17 17-17 39.33 

•?i-11:•:'and add = (97 • q- 103' q- 236')/6 = 12,619. 
Square the total of each sample and divide by No. of results in it, 
and add = (93' q- 42' q- ...... )/3-- 34,372/3---- 11,457. 
Analysis of Variance Table is now' 

i::!•i•rce of .' d.f. ' S.S. gI.S. Components of 
?;Variance Variance 

etween' 3 -- 1 = 2 .(3) -- (1) = 2,058 1,029 6a,, • _{_ 0'• 2 
:Be•een 6 -- 1 = 5 (4) -- (1) • 896 179 3as • • %• •:.• •mples 

•;:;E•or 17- 2 - 5 = 10 3,285 - 2,058 - 896 = 33.1 ' %• 

• •o•l 18- I: 17 (2) --(1) : 3,285' 

The variance ratios are measured by reference to the error. Thus the 
of the Between Samples Variance is taken from the variance ratio 

.79/33'1 ----- 5'4 for 5/!0 degrees freedom, whence from tables p -- 0-0! and 
is a highly significant difference between the samples. Similarly there 

is found to be a highly significant difference between the methods. (However, 
that the variance ratio for the between samples had not been 

then the S.S. for these (896) would have been added to those for 
(331) and divided by the degrees of freedom between samples (5) 
to those for error (10) to give a new Mean.Square for error. The 

nalysis of Variance table would then have been :' 

Source of Variance d.f. S.S. M.S. Components of Variance 

Between Methods 2 2,058 1,029 6am' + a• 
Error 15 1,227 37.2 a• • 

Total I 17 3,285 _ ß I • 
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(In this case the Variance ratio, 1,029/37.2 for 2/15 degrees of freedom, 
is used for testing the significance of the Between Methods Mean Squares.) - 

The calculation of (•fi, %L %2 gives ß 
aft • 33.1, (5 • = 48.7, cr,•' -- 166. 

The mean result for each sample is the mean'of three results and the 
standard deviation of those means is the square root of the error variance 
divided by the number of individuals used in calculating the mean, i.e., 

-- • •11.03 • • 3.32 based on an error with 10 de•ees of 

freedom. From the t table at p = 0.05, 1•0 aZ = 2-23. Therefore the p = 
0.05 fiducial limits of a sample mean are & 2-23 x 3.32 = & 7-4. Thus the"' 
true mean for the alcohol content of Sample No. 1 lies between 31.0 • 7.4 
per cent at the level 2 = 0-05•i.e., 24 to 38 per centsand for Sample No. 2, 
14.0 • 7.4 per cent at level p = 0.05--i.e., 7 to 21 per cent. Thus there is a' 
significant difference between Samples 1 and 2. It is found that the samples 
fall into two groups' 1, 4 and 6 not differing significantly, at p = 0.05, 
from each other, but differing si•ificantly from Samples 2, 3 and 5 which•:•.:; 
form a second group of samples not signiScantly differing from each 

There can also be found the variation between the Methods whose 
are the result of 6 determinations. The Standard deviation of each mean 

eft _ = •5.52 = • 2-35, calculated from an error with 10d.f.?• 
W6 •6 

Thus, as before, the fiducial li•ts at p = 0.05 level, are • 2-23 x 2-35 
• 5.24. The limits of the means for the Methods are then' 

.. Method 1 16-17 + 5-24 -- 10-9 -- 21.4 .•;.•*• 
Method 2 17.70 + 5.24 ---- 12-5 -- 22-9. 
Method 3 39.33 •c 5.24 •- 34.1 -- 44-6 

Methods 1 and 2 are thus nbt significantly different, but Method 3 
very significantly from them. - 

THE BINOMIAL DISTRIBUTION 

In a game of dice in which n dice are tossed N times, the frequency 
which a six, say, is thrown 1, 2, 3 ....... n times in the same 
is given by the terms of the binomial expansion, N(p d- q)•, whose rth ,: ': •i•.;• 

n ! p' q"", where p is the probability of the event (i.e., i is N • throw ng¾• 

a six) occurring and q of it not occurring. Thus throwing .5 dice at a t•me•:•c• 
51 
-- i.e. • for 36 times gives a frequency of 5 sixes at one throw of 36 5/ ' 65 

0'004a times--and a frequency of 2 sixes and 3 other numbers at one throW'; 
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i.e., 36. 10. 6- • = 5.79 times. 
frequency series that results from the bim)mial expansion is some- 

useful in practice when assessing the value of subjective observations. 
rouge can be made by two different methods which give products 

slightly in texture and application. In order to find out whether 
is any real difference in consumer preference for one sort of rouge, the 

Sorts can be coded A and 23 and examined by a number of observers 
.'Selected at random from a cross-section of possible customers of the 

who record their overall opinion as "A is better than B," "A is 
ightly better than B," "A equals B," "A is slightly worse than B," and 

is worse than B." 

?Assuming the "Null Hypothesis," that there is no difference between 
rouges, then the frequency with which the various replies would be 

,,ived as a matter of pure chance is given by the terms of the binomial 
+ q)', where p = q = 0.5. (The probability that either will be chosen 

since the rouges are assumed equal.) 
N(p q- q)* = N(p* q- 4p3q q- 6p•q • q- 4pq' q- 

(1 i a i ,) giving a frequency distribution of N •-• q- • q- • q- • q- • . For the pur- 
of the example, it is assumed that 32 people give an opinion, yielding 

following results: 

Classification 

A is better than B 

A is slightly better than 
A equals B 
A is slightly worse than 
A is worse than B 

Frequency 
Found 

fo 

Frequency 
Expected 

•e 

3 
6 
8 

10 
5 

2 
8 

12 
8 
2 

Total: ' 32 32 

It is seen that the frequency observed is different from that expected, 
•d•?:!i;and this might be held to indicate that A is in fact slightly worse (preferred 
•/.•?':less) than B. The probability of this can be, examined by means of the chi- 
!•,ii!" squ area test. 

?:,i'• In general, when frequencies are to be compared, the 7: test is the technique 

:./i•o be used. x•-is defined as • (fo -- f,)• andreferencetotablesofthisfunction 

::: at the appropriate degrees of freedom gives the probability that the difference 
ß 
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between the frequencies is to be expected as a matter of chance when no 
real difference between them •xists. , v. 

The calculation of x• from the data above proceeds as follows ' 

3 2 1 1 0.5 
6 8 -- 2 4 '' 0.5 
8 !2 , -- 4 16 1-33 

10 8 . 2 4 0.5 
5 2 3 9 4,5 

32 32 0 7.33 

,. 

The degrees of freedom equal the number of classes less 1, -- 4. 
'Reference to a table of X 3 values (see above) shows that the probability 

of obtaining a frequency such as that observed here as a matter of chance' 
when no real difference exists is slightly greater than p = 0-10. This is not 
a very significant probability, and the conclusion is that B might be preferred,: 
but the evidence is inconclusive. In practice, further results would be 
obtained. Assume that this has been done to give 64 results with the same 
distribution frequency. 

fe - I (io (fø - 
,, 

6 . 4 2 [ 4 1.0 
12 16 -- 4 16 1.0 
16 24 -- 8 64 2.7 
20 16 4 16 1 '0 
10 4 6 36 9.0 

14'7 64 64 0 I , 
The table shows that at 4 d.f. a X 3 value of 14.7 has p slightly less than 
which is decidedly significant and shows that 
A. 

In this calculation frequencies have been obtained with expectati;'f? 
below 5. All groups with below 5 observations should be classified wit•:'ii 
their appropriate neighbours so as to eliminate such small frequencieS.!:i: 
Rearrangement of the group gives ß 

. , 

18 20 -- 2 4 0.2 
16 24 -- 8 64 2.7 
30 20 lO 100 5-0 

7.9 , 
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From tables x'(2 d.f.)--7.82 at p--0,02. Therefore there is still a 
ificant difference between preference for A and B. The effect of the 

ation'of small grotrps has been to reduce the unbalanced contribution 
they m.a..• e to x•; over half the value of x' for the first group of 64 

:sults is contributed by. the group with expected frequency 4. 
ß :; -•:, . 

'."it is not n'ec'6ssary to be able to' calculate the expected frequency in order 
use th½'X' test.,' An example will show this ' . • - . ,.. ".• .. , •! . , .; , 

Deliveries of bottle caps are received from'two suppliers to fit a bottle, 
:obtained from one supplier, which is capped automatically after filling. A 

3 gross of..c•ps is takeg on. re•ceipt from the supplier A .and bottles 
'19apped with them in the regular routine, note being kept of the faulty caps. 

5 gloss are inspected from supplier/•. Results are: 

Faulty Satisfactory Total 

Suppl{er A ... ' 12 420 432 
Supplier 2• ....... 30 690 720 

Totals ":?.. 42 1,110 1,152 

'•?i• there any significant difference between these fwo deliveries of Cal•S ? 
•i')i}:i•The Null Hypothesis is that there is no difference between them, and the 
•'"•!:•Probability thaf the resets obtained are due to chance has to be asce•ained. 
•: :Th expectation of fatty caps in the first cell is 

X , X 1,152= 15-7 
•::•:• 1,152 1,152 
•}? Similar calc•ations are made for the other cells, to give an expectation 

table ß 

Faulty Satisfactory Total 

Supplier .4 ...... 15.7 416.3 432 
Supplier B ...... 26-3 693-7 720 

Totals ... 42 1,110.0 1,152 
I 

Accordingly, X• 3.7' 3.7 • 3-7 • 3'7' __ 1'71 :-- 15..7 q- 4•-• + 2•Z-• + 693.7 ,' .:' 
This x' value has only one 'degree of freedom, for given the marginal 

totals one can fill only one cell arbitrarily; reference to the table of x' 
ß gives for x'• •4. -- 1-71, p is between 0.2 and 0'1.(X' for these values of p is 
1.64 and 2-71 respectively). Thus there is no evidence of a significant 
difference between the caps from the two suppliers although expression of 
the faults as a per cent of those examined gives: 
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Faults from A = 2.78 per cent. 
Faults from B -- 4.17 per cent. 

which at first glance looks as if B's caps are much worse than A's. 

CORRELATION COEFFICIENT AND LINE OF BEST FIT 
When a relation between two variables is suspected to exist, it is necessary 

to determine the best representation of this relation. The data are first 
examined to see if they will fit the equation for a straight line, Y -- aX q- b, 
and if they do not, then attempts are made to transform them so that the 
transformed data will fit a straight line. 

Should there be an a priori reason to expect the relation to have the 
forms Y--ab x, or Y--= aX b, the data can be transformed by taking 
logarithms to give log Y --- log a q- X log b and log Y -- log a q- b log X 
respectively. Since a and b are constants, the•e equations are seen to be 
linear. 

The probability that the straight line fitting the data would have been ? 
obtained by chance had there been no valid relation between the variables 
can be assessed by calculating the correlation coefficient, r. 

x(x - X (Y - P) ß: 

x/x(x - 5:) - 
This coefficient can have any value between 1 and -- 1, depending on whether .• 
the straight line has a positive or negative slope. A correlation coefficient of 
zero indicates that there is no relation between the variables, and 
farther from zero that it is the greater the significance of the relation. Tables }ii! 
of the value of r corresponding to its degrees of freedom, which are 
less than the number of pairs of obseryations, have been published giving '(• 
the probability of the value found for r being due to chance when there 
really no relation between the variables. The degrees of freedom are two 
than the number of pairs of observations, because one degree of freedom is ::?• 
used in fitting the data to the straight line and one degree in fitting to 
total. 

An example will make the procedure clear. The time taken by a 
of cold cream to cool in still air under standard conditions of stirring is knowg ?• 
for vessels of different radius, and it is required to find the relation between?j 
radius of the vessel and cooling time, if any relation exists in an easily?:i•i! 
expressed form. 

It is to be expected that the time will be related to the radius 
relation log T----• log R q- b, and plotting the results on log/log paper:i.: • 
shows that this is approximately true. The results are therefore transformed.i;! 
by converting them to logarithms and the correlation coefficient calculate..C?i'•' 
from the transformed data as follows ' 

n = No. of pairs of observations -- 4. 
T = Cooling time in minutes. 
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R -- Radius in inches. 

By definition r -- œ(x -- .•) (y --•) 
V' œ(x -- 7r)'(y -- 

y =LogT [ x=LogR y2 . _ x• xy 
3-1004 1.2175 9.6128 1.4823 3-7732 
2.4065 0-8261 5.7914 0.6824 1.9880 
1-6020 0.3979 2.6262 0.1583 0.6374 
1.4983 0.3284 2.2448 0-1078 0.4920 

8-6072 2-7699 20-2752 2.4308 6.8906 

2'1518 0'6925 

Now z(x -- •)'= z½), -- (Zx), 

x -- })•-- 2.4308 (2'7699)• -- 2-4308 
4 

milarly 

•.•)• --- 20-2752 (8'6072)• -- 20'2752 
4 

z(,• . ;)(y - ;) = z(xy) z(,O zly) 

7.6722 
--0.5127 

4 

74-083 
-- 1.7042 

4 

8-6072 •< 2-7699 23.8405 
--• 6.8906 -- --- 6'8906 -- 0'9301 

4 4 

Z'(x -- •)(y --_,•) 0-9301 : 0-996 __.-. 

•/2:(x -- •)• œ(y --.•)• •/(0.5127) (1-7042) 
which it is seen that there is a probability of less than 0.01' that this 
of results would be obtained were there no real relation between the 

Therefore it is very probable that a straight line relationship 
T -- a log R q- b exists. The best straight line fitting such data is that 

•for which the sum of the squares of the deviations from the straight line are . 

ß a minimum. Our basic equationy --- ax + b meets this requirement when 

..: 

ZxZy Zxy • 

a-- and'b = y -- a• 
( 

Z'X • __ -- 

6.8906 -- 
8.6072 4- 2.7699 

2.4308-- " 
(2-7699)' 

4 

= 1.814 
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and b -- 2.1518 -- 1.814 x 0-6925 
= 0.8956 

ß '. the equation is 
Log T = 1.814 Log R + 0.8956 which by reversing the transformation 

of the original observati0nS becomes T -- 0.8956R 

" RANKING METHODS 

It is often convenient to classify a selection of samples in numerical order 
--e.g., a series of perfumes or flayours in order of preference--and it is 
desirable to know how closely different observers agree about the numerical 
order in which they have classified a group of samples. This order is called 
the rank. From the marking by two observers, one can calculate Spearman's 
Rank Correlation Coefficient (0) using the formula 

where d ' is the square of the difference between the rankings of the tw ø:::' 
observers for any one sample. Like the correlation coefficient, the .rank:'. 
correlation coefficient can have any value between q- 1 and -- 1, a value of 
-- 1 indicating that'one observer's ranks are the exact opposite of the 
other's. The probability that any given value of p will be-obtained 
chance when there is no valid relation between the two observers' results'i.( 
can be obtained by .using tables of Student's t for 

t---- p 1 -- p' with_n 2 degrees of freedomß 
A simple example will suffice: 

A series of 5 buying samples of Jasmine Absolute have to be'assessed 
perfume quality. For this purpose dilute solutions are smelled 
standard conditions independently by two'skilled observers (andward' 
each other's results) and are ranked by them in order of' quality. 
and method of calculation are- 

'"' Sample No. -. 
_4 B c 

Observer L 2 - 1 3 4 5 
ObserverM ...... 3 2 - . 5 1 4 

Difference, ill;' 
3/1' -- L, d .... 1 1 2 -- 

d •, ... 1 1 4 9 1 16 

n=5, n *-- 125 
6 x 16. 96 

-- 1------ 1--0-8=0.2 
125 - 5 12o 
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d 5--2 --0-2d 3 •0-35 t(5.,.,, ,,./.) -- 0-2 1 22 b704 0-96 
Tables of t show that at 3 d.f., ! = 0-35 has 0.8>10>0-7, showing that 
agreement in ranking by the two observers could quite easily arise by 
ce. 

Sometimes the question arises of the value of several observers' opinion 
a series of samples. Thus, there may be five assessors who have 

ed six samples of a new line which have different perfumes in order 
preference of perfume. The assessors in this case would be picked so as 
be representative of the customers to whom the line had been designed 
appeal and preferably be known to have "sound judgment.'" Their rank- 

lg could be as follows: 

:' !'i::' Observer Perfume 
::i:: A B C D E F , Sum 

L ... 1 3 2 5 6 4 
M ...... 1 2 3 4 5 6 

•:N ...... 2 5 3 5 4 • 6 
.P ...... 3 4 6 1 1 2 

Q ...... 3 4 2 ! 5 6 

Sum ... 10 18 16 16 21 24 I 105 ... 

Difference 
:i;i:'- from 17.5 ... 7.5 0.5 1.5 1-5 3.5 6.5 

-- 

d 2 ... •6.25 0.25 2.25 2-25 12-25 42-25 117-0 

!•?Rankings of this nature are treated by first calculating the coefficient of 
iiiiiiconcordance, W, which can have all values between 1 and 0, the former for 
?fComplete agreement among the observers, the latter for complete randomness. 
??.:'i Assuming the.usual hypothesis that no agreement exists between the 
i?i!::jUdges and finding the probability that these resttits would then be obtained 
;.):•-were that in fact the case (the Null Hypothesis), the sum of the rankings by 
?;all five observers for any one sample should be 
•,•:: 105 
% -- 17.5 

:!i:Let d be the difference between the sum of the rankings found and the 
:!:':: expected sum 17.5, N -- number of observers and n = number of samples ß 
;i( then 
• 12.Z'd • 

, !¾2(•/, a -- }5)' 

The results give ß 

'•:: W-- 12 x 117 
5'(6 • -- 6) 

-- 0.268. 
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The probability that the value of 0.268 would arise by chance has now to 
calculated. This must first be corrected for con. tinuity by s,ubtracting 

from 2;d' and adding 2 to the expression N•(n3 -- n) in the calculation of W. 
12 

This gives' . ß 
117--2 12 X 115 

W --- = -- 0.262 ' 
.: 5'(63 -- 6) 5,274 

]2 q- 2 
The variance ratio F is then calculated using the formula ' 

F = (N- 1)W_ (5--1) 0.262_ 1.42 
1 -- W 1 -- 0.262 

The degrees of freedom for the greater estimate are ß 
2 2 

(n-- 1)----=(6--1)---=4.6 
N 5 

and for the lesser estimate' 

• (N--l)[(•--1)--•,/]=(5--1)4.6=18-4. 
- 

The degrees of freedom will not often be whole numbers,' and the value 
F will have to be interpolated in the tables. The example gives for F = 1.42 
at 4-6/18.4 d.f., p is greater than 0.20. 

This probability of obtaining the agreem. ent between observers which 
found in the test shows that there is no justification for claiming that 
observers agree as to the best sample and it would be advisable to have the?i•i 
samples examined by a second set of observers and to pool their results with:!i? 
the first set. Should a significant difference 'then arise, the perfumes 
justifiably be ranked in order of their scores (e.g., had this test been significan{i• 
--i.e.,/5 -- 0-1 or smaller--the perfumes would be ranked 'A first, B, C and 
equal second, E fifth and F sixth). 

QUALITY CONTROL 

The setting up of a control system for'accepting or rejecting 
of goods such as lipstick containers, bottles, caps and any other 
article consisting of a large number of single similar articles which are 
sound or defective can be best understood by following an example. 

Lipstick containers are received in 100 gross lots from their 
and factory use of them in the past has shown that the delivery 
percentage defective is 2. It is required to d•vise a sampling 
cedure so that deliveries can be accepted or rejected by inspection of 
sample on their receipt and thus reduce the disorganisation on the 
assembly line due to occasional lots of containers with a high 

'252 

Purchased for the exclusive use of nofirst nolast (unknown)
From: SCC Media Library & Resource Center (library.scconline.org)



STATISTICAL METHODS IN THE COSMETIC INDUSTRY 

efts.' Since the containers have an average of 2 per cent defective, one 
ect will occur per sample of fifty containers on average, but any given 

may contain O, 1, 2, 3, etc. defective containers. The expectation of 
given number of defective containers is given by the appropriate term 

the Potsson Series, i.e.: 
e'"', me'm/l!, m•e'"'/2!, . ..... 

m is the average frequency. In the case.of 50 containers with an aver- 
frequency of one defective, the following table shows the expectation 

•icalculation and also (1 -- cumulative expectation), i.e., the probability that 
number of rejects will be more than n. 

$arnl•les containing an Average of I Defective Each 

No. of Rejects Potsson Series Expectation Probability that number 
n term of rejects will exceed n 

0 e-• 0.367879 0.632121 
1 1 e -• [1 ! 0.367879 0.264242 
2 1 • e -¾2 ! O' 183940 0.080302 
3 l a e -•[3 / 0-061313 0'018989 
4 1 • e -•/4 / 0'015328 0.003661 
5 1 • e -•/5 ! 0.003056 0.000595 

ß 

The results of the last column show that in'a sample of fifty containers 
:::.½•iiSelected at random from the 100 gross, 4 or more defective will occur with 

= 0.019 and 6 or more with p • 0-0006. The numbers 4 and 6 are called 
'?ithe inner and outer limits for defectives respectively, and a graph is drawn 

which the rejects occurring in the samples taken from successive deliveries 
'•:•:are recorded. This, in the case under discussion, is as follows, the vertical 
•:;i :'aXis giving the number of rejects in a sample of 50 containers' 

•m, mm m mm •m• 
Outer, CGntr_o_o 1 Limit 

Inner Control Limit 

Delivery NtLmb e r 
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Should a sample give sufficient rejects to lie outside the outer limits, a 
further sample of fifty should be examined and the result added to that of the 
first sample taken from the delivery. The complete sample examined now 
being made up of one hundred, would normally be expected to contain two 
rejects (2 per cent of 100). Calculation of the expectation of rejects for this 
size of sample places the outer limits now at 9 reject containers and the inner 
limits at 6 rejects. Should 9 or more rejects be found out of the hundred, 
the deliv.e. ry is rejected' should 7 or 8 rejects be found, a further sample is 
.taken and the results added to the previous ones and new limits found' 
should 5 or 6 rejects be found, the delivery would be accepted, but future 
deliveries watched carefully to see whether a deterioration in the average 
per cent defective has occurred. 

The customary levels of signiftcance for the inner limits of control charts 
are p --- 0.025 and for the outer limits p -• 0.001. If it is desired to put these 
levels exactly in the chart (there is no point as a container cannot be less 
than a unit), then the number of rejects is plotted on a graph against the.::: 
probability that it will' be exceeded, and then the exact value for the number 
of rejects at p = 0.025 and p--0.001 found by interpolation. In thiS: 
example these limits are 3.7 and 5.5 defective containers at p -- 0.025, and 
5.6 and 8-8 at p --- 0.001, for samples of fifty and one hundred respectively.: 

FURTHER STUDY AND APP,I.I'•ATIONS 
;.. 

No attempt has been made in this paper to do more than show 
application of statistical methods to a few typical examples which often.'! 
occur in the cosmetic industry. Anyone who troubles to study the technique•i:,'; 
and their theoretical basis will find that they have acquired additionai:}i • 
"laboratory equipment" of similar h. tility to that of volumetric or chromi?i 
tographic methods. For practice, readers will find it instructive to 
examine any data from which they have drawn conclusions about whictf{ 
they have not been too confident, by making use of any analogous exampl•11!• 
given here. They will find the following texts appropriate for further stud•i•i 
and ,n, ot requiring an advanced mathematical background: Quality Control Charts," B. P. Dudding and W. J. Jennett, B.S. 6 

1942. 

"Industrial Experimentation," K. A. Brownlee, H.M.S.O., 1949. 
"Facts from Figures," M. J. Moroney, a Pelican Book. 
"Statistical l•lethods," G. W. Snedecor, Iowa State College Press. 
"Rank Correlation Methods," •. G. Kendall, Charles Griffin & C 

Ltd. 
"Statistical Tables for Biological, Agricultural and Medical Research?•Jl 

R. A. Fisher and F. Yates. Oliver & Boyd, Ltd. 
A continuation of this article is planned, in which--among other thin gi 
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tCh testing and market research techniques will be analysed and the 
ign of experiments dealt with simply. , 

easy reference, the examples--together with the statistical procedure 
analysis--are listed below: 

an Content of bottles' and its fiducial limits. 

of Methods of analysis: 

Two methods carried out on the same sample. 

See Section ß 

Standard Deviation. 

p. 235 

t-test (a). p. 238 
More than two methods carried out on one 

sample, with replication. 

Two methods carried out on different samples. 

More than two methods, each carried out on 

several samples. 

Analysis of Variance 

(a). •,p. 241 
t-test (b). p. 239 

Analysis of Variance 
(b). p. 242 : 

ective assessment of preference for one of a pair 
:of 'products. 

of cap• supplied by different manufac- 

Binomial Distribu- 

tion, and X• Test. 
ß 

p. 255 

Test. p. 247 • 

between cooling time and vessel size. 

ective Evaluation of Jasmin Absolute. 

;xpert judgment of consumer acceptability. 

•'•!;Lipstick Containers--control of defectives before ß •,3• :• .., 

•:•;•:'.': factor use ' .?.• 

•}•:•'•::•: AMENDED CONSTITUTION AND RULES 
•:•'5•Britain 

Correlation Coeffici- 

ent, and Line of 

Best Fit. p: 248 
Ranking Methods. 

p. 250 •'' 

Ranking Methods. 
ß 

p. 25r • :. 

ß 

Quality Control.' 
p. 252 

special general meeting of the So9iety of Cosmetic Chemists of Great 
was held on October 23rd, 1952, when general acceptance was 

'•i?btained for the Society's amended Constitution and Rules. The main 
i• ffference between the old and new rules lies in the introduction of an 

•i/associateship for those not fully qualified as cosmetic chemists. The new rules 
::•?lso change the titles of chairman and vice-chairman to president and vice- 
?:Presideny respectively--Dr. R. H. Marriott being now the president and ??Mr. F. \'. Wells vice-president. 
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